Journal of Engineering Mathematics 30: 215-224, 1996.
© 1996 Kluwer Academic Publishers. Printed in the Netherlands.

Lorentz’s theorem on the Stokes equation
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Abstract. A simple derivation of the Lorentz theorem is presented which gives the perturbation pressure and
velocity due to the presence of a plane wall introduced into an unlimited viscous fluid of given pressure and
velocity obeying the Stokes equation.

An extension to the case of a spherical boundary is made in the same manner, leading to the case of a plane
boundary as a limit of large radius. The sphere theorem is revised and applied to three elementary solutions by
Lamb.

1. Introduction

In 1896 Lorentz [1] developed a theorem yielding a mirror image of the pressure and velocity
of the Stokes flow due to a plane wall in a unlimited viscous fluid. In a previous review [2]
this theorem has been shown to be derived by the use of the general solution in terms of three
harmonics proposed by Imai [3].

As to the case of a spherical boundary, the present author [4] presented a sphere theorem
for the perturbed stream function of the axisymmetric flow due to a sphere introduced into an
unlimited viscous flow in axisymmetric motion, obeying the Stokes equation. This theorem
has been presented by Collins in a more compact form [5].

Recently, Paraniappan et al [6,7] have extended this theorem to a general non-axisymmetric
flow represented by a biharmonic function and a harmonic function, on the basis of an inversion
theorem for the polyharmonics due to Chwang(8]. This formalism has been applied by their
group to several internal flows [9] and has ben extended to the case of a spherical interface
[10].

In this paper will be presented a simple procedure giving the reflected pressure and velocity
due to a plane or spherical boundary [11, 12] directly from the original flow, without recourse
to auxiliary functions, in a similar way to the original Lorentz formula.

The sphere theorem is given in an alternative form and is applied to three types of elemen-
tary solutions given by Lamb [13].

2. Plane wall
2.1. PRELIMINARIES

Let us derive the image field due to the presence of a plane wall z = 0 in the Cartesian system
(z,y, z) with the unit vector e normal to the wall. For this purpose, it is convenient to define the
reflection of any function f(z, y, z) by f*(z,y; 2) = f(z,y, —z) and start from the following
lemmas for any harmonic function H(z, y, 2) and biharmonic function B(z, y, z).
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LEMMA 1. H = - H* is harmomic:
AH =0 2.1
and satisfies H + H=0atz = 0.
LEMMA2.  Let B= ~[B - 2:B' + 2 ABJ*,

where the prime' denotes the z derivative e - grad.
Then B is biharmonic

A’B =0 (2.2)

and satisfies B+ B=0aswellas B' + B =0atz = 0.

LEMMA 3.
AB = [4B" - 3AB — 22AB']* (2.3)

2.2. LORENTZ’S THEOREM

Let us start from the velocity u and the pressure p of the viscous flow satisfying the continuity
and the Stokes equation:

diva=10 2.4)
and

Au = gradp/u (2.5)
or

rotw = —gradp/u, (2.6)

where w is the vorticity
w = rotu. 2.7

Then it is easily seen that
i)p,p' =e- gradp, e x gradp, w and w, = e - w are all harmonic.
ii)u,w = u-e, e x uand zw are all biharmonic, satisfying (2.2) as well as

Afe-u) =p'/u, (2.8)
and

A(zw) = 2w'. (2.9

It should be noted that these properties are valid also for the perturbed quantities denoted
by a tilde ~.

Applying Lemma 2 to the biharmonic function w = e - u satisfying @ + w = 0 and
(w +w) = 0at z =0, we have

W = —e- q[u,pJ*, (2.10)
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where
qlu,p] = u - 220’ + 2gradp/p,

and we have made use of (2.8).
The application of Lemma 3 to (2.10) yields

p' = pAd = [dpw" — 3p' — 22p"]*.

Integrating (2.12) with respect to z = —2*, we have
p=[p+2zp" — 4pw']" = [(22p - 4pw)’ — pI’
Making use of the relation
e x gradp/p = (e - grad )w — grad (e - w)

derived from (2.6), we have for the perturbed vorticity w
W= /[e x gradp/p + grad (e - @)]d z,

where the z-component e - @ in the integrand is found to be

e —e-w*

W
from Lemma 1 applied to the harmonic function satisfying

€ W= —e" W atz = 0.

Introducing (2.13) and (2.16) in (2.15), we obtain the tangential component

wi=w—(e-w)e
Wy = [wy + e x grad (4w — 22p/p)]*

where we have made use of (2.13).
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(2.18)

The tangential velocity can be obtained by applying Lemma 2 to the biharmonic function

U:

U=exu—2zw
which satisfies the boundary condition

U+U=0 and (U+UY=0 at 2z=0.
Making use of (2.8), (2.9) and (2.11), we have

U = —[e x q(u,p) + 2w]*
which yields by noting (2.19)

exa = U4 2w

= —e x [u—22u’ + 22gradp/p]* + 2(@ + &%),

where w is given by (2.16) and (2.18).

(2.19)

(2.20)

(2.21)

(2.22)
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Combining (2.10) and (2.22), we have

i = —[u—2zu' + Zgrad p/u]* — ze x (@ + &°), (2.23)
or

B = ~[w — 22w + 2%p'/u]*, (2.24)
and

u; = —[u; + 2z grad ,w — 2% grad ,p/ ], (2.25)

where we have made use of (2.18) and (2.14).
The expressons (2.13), (2.24) and (2.25) for §, 1 and v are essentially the formulae given
by Lorentz. [1]
3. Spherical boundary
3.1. PRELIMINARIES

It is convenient to rewrite Kelvin’s theorem for the harmonics H (x ) and Chwang’s theorem
for the bihamonics B (x ) in the following form:

THEOREM 1 (Kelvin’s exterior theorem). Let H (X ) be the harmonic function of X = re and
be regular in the domain r < a. Then

H(x) = —aH(x*)/r (3.1)
is regular harmonic in r > a and satisfies the boundary condition
H+H=0 atr=a, (3.2)

where r is the radius from the center and e is the unit radiul vector.
Here and hereafter the asterisk * denotes the inversion

[fx)]* = f(x*)
with

x* = a?x/r? = re

and

r* = az/r. (3.3)
THEOREM 2 (Chwang’s exterior theorem). Let B (X ) be the biharmonic function satisfying

A’B=0 (3.4)
and regular in the doman r < a. Then B given by

B = —[(r/a+a/r)B/2+a(l —7*/a®)B' +a*(1 - r*/a®)?AB/(4r)]* (3.5)

is regular biharmonic in r > a and satisfies the following boundary conditions on the sphere
r=a:

B+B=0 and(B+B)Y=0 atr=a 3.6)
where the prime ' denotes the derivative 3/ r = (1/r)(x - grad ) = e - grad.
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Theorem 2 is a generalization of the sphere theorem for the axisymmetric stream function
in the Stokes flow derived by the author [4] and Collins [5].
We may note the following formula for AB:

AB = —[(rB —4r*B' —4r*B")/a® + (r/a + 5r3/a®)AB/2

—a(r?/a* —r*/a*)(AB)T", 3.7)
which is easily derived from (3.4) and (3.3) by use of equalities
A(f*[r) = a*(Af)*/r (3.8)
and
A(rf') = A(x- grad ) f] = (x- grad +2)Af. (3.9)

INTERIOR THEOREMS 1’ AND 2/

In the interior problem where we interchange r > a and r < a in the above Theorems we
have to restrict H and B to be respectively 0(1/r) and 0(r) as r — oo.

3.2. SPHERE THEOREM

If we replace z e in the section 2 by x the procedure proceeds analogously to the case of a
plane boundary. We have

i) p,rp' = x - gradp, x x grad p and X - w = rw, are all harmonic.

ii) u, 7u, = X - u,x x u and r%w are all biharmonic, satisfying (3.4) as well as

A(x-u) =1p'/p, (3.10)

A(x X u) = 2w +x x gradp/p. (3.11)
and

A(r’w) = 41w’ + 6w. (3.12)

It should be noted that these properties are valid also for the perturbed quantities denoted
by atilde ~.

Applying the theorem 2 to the biharmonic function x - u satisfying x -(i + u) = 0 and
x-(@+u) =0atr =a, wehave

Uy =x-ﬁ={x-q[u,p]}*, (3.13)
where
rqu,p] = a{(3 — r*/a*)u/2 + (1 — r2/a®)ru’ + a*(1 — r?/a®)’gradp/(4u)}  (3.14)

and we have made use of (3.10).
The application of (3.10) and (3.7) yields

7 = pAX-d)/r = {pa(@rin" + 12rul + 3u,) + a’r(1 — r2/a®)p"
+a3(1 = 7r¥/a®)p' [2}* /7. (3.15)
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) The perturbed pressure $ is obtained by the integration of (3.15) with respect to r =
a/r*.
—{(4r3u. + 3/1"u,,d1~)/a3 +a(r*/a® —r*)p' — I/(20)}*
with
I= /(3 —r?/a®)rp'dr = 3 — r*/a®)rp — 3/(1 —r2/a®)pdr,  (3.16)

where we assume that the integrals are convergent and take the gauge pressure corresponding
to the lower limit (r =0 or infinity according as outer or inner problem) to be zero.
Making use of the relation

x X gradp/p = (rw)’ — grad (x - w) (3.17)
derived from (2.6), we have for the perturbed vorticity:

D = /[xgradﬁ/,u —grada(x - w)*/r]dr, (3.18)

sincex-w = rQ, is harmonic and satisfy the condition (3.2) of theorem 1 on the sphere r = a.
We have
TW, =X @ = —a(Xx-w)*/r, (3.19)

from theorem 1.
The tangential velocity u; can be obtained by applying theorem 2 to the biharmonic
function V

V=xxu—(r’—a®)w/2 (3.20)
satisfying the boundary conditions of the theorem. We get
V= —{xxqu,p] — a(r/a — r*/a®)w/2}*, (3.21)

where q[u, p] is given by (3.14) and we have made use of (3.11) and (3.12).
Combining the expression for x X u obtained from (3.20), (3.21) and (3.13), we have

@ = —{(3r/a—r*/a*)u/2+ (r*[d® — r*a*)au’ + r(a® — r?)’gradp/(4pa®)}*
~[(r/a —3/a®){a?grad, / */(urd)dr + e x (rw+grad/x wdr)}]*/2,
3.22)

where grad; denotes the tangential derivative grad - e (e -grad ).
Separating the radial and the tangential component we have

iy = G-e=—{(3r/a—1r/a®)u, /2 + (r%/a® — r*]a*)aul. + r(a® — r)?D [ (4pa’®)}*
(3.23)

o = - 4d.e
= —[rus/a — (1 — r?/a®)grad,[(r?u, — 3/rur/2dr)/a

+a{r(1=r¥/a)p -3 [ (1-r*/a)pdr}/(4u)H (324
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where we have made use of the relation
x X w = —(ru)’ + grad (x - u) (3.25)

as well as (3.17) to eliminate the vorticity and (3,16) to eliminate p, and assume that the
constant of integration can be taken to be zero at the lower limit*.
The expression (3.24) is new and corresponds directly to (2.25) of the previous section.

3.3. LIMIT FOR LARGE RADIUS

Let us put
r=a(l +z/a+ o(z/a)) (3.26)

in the several expressions and retain the lowest order in z/a

For the pressure p, it is convenient to adopt the last exprssion of I in (3.16) and neglect the
integral in comparison with the first term. We may put u as w, r - derivative as z - derivative
to the lowest approxination, obtaining (2.10) for p.

It is easily seen that the radial velocity (3.13) leads to the expression (2.24) for w. In
the same manner, (2.25) is derived from (3.24) by neglecting integral terms of O(z/a) in
comparison with other terms.

3.4. EXAMPLE

As an illustrating example, three components of Lamb’s general solution [13] are considered.
For the sake of simplicity we may take a and g to be unity without loss of genarility.
1) Extemnal flow r > 1.

i)u=rot(xH) =x x grad H = -C,

where H and C are solid harmonics of n-th degree (n is a positive integer, since n=10 is trivial).
We have also

p=0 and wu,=0.
Introducing these into the corresponding expressions in 3.2, we obtain

p=0 and 4, =0 sothat i, =[rCJ*,

ie.

a=—-u"/r

1) u = grad H,
We have

ur =nH/r, uw =grad, H=T/r
with

T =rgrad,H
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as well as
p=0,u. =n(n—-1)H/r?, u,=(n-1)T/r?
and
/rurdr =nrH/(n+1)
Then (3.16), (3,23) and (3.24) give
p=—n(dn’ - 1)(rH)*/(n+1),
iy = —n[{n+1/2 = (n - 1/2)r*}H]*
and

i, = —[{1-n(1-r})4+3n(1-r?)/2n+2)}T]*
= [{(n=2)2n+1) —n(2n — )r2}T]*/(2n + 2).

i)p=H,
u = [(n + 3)r’grad H — 2nxH]/[(2n + 2)(2n + 3)].
We have
ur =nrH/(4n +6), w = (n+3)rT/[2n +2)(2n + 3)),
/rur = nr’H/[(n + 3)(4n + 6)], /(1 —rApdr=[r/(n+1) —r3/(n+3)]H.
Introducing these expressions in (3.19), ( 3.23) and (3.24), we obtain
p=-n(2n—1)(rH)*/(2n +2)
iy = —n[{2n+ 3 — 2n + 1)r*}H]*/(8n + 12)
and
ii; = [{(n —2) —n(2n + 1)r?/(2n + 3)}1]*/(4n + 4).
2) Interior flow r < 1.
In this case we have only to take solid harmonics of —(n + 1) degree or replace H by
(rH)* etc. in the exterior problem
i)u=rot(XH*/r) = —x x grad H* /r = -C* /r,
where H and C are solid harmonics of n th degree and we obtain
p=0,%,=0 sothat u=C=—u"/r.

1)u=grad (H*/r), p=0.
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We have
p=—-(n+1)(2n+1)(2n+3)H/n,
ir = —(n+ 1){(n+1/2)r — (n+3/2)/r}H
and
i =—{(n+3)(n+1/2)r—(n+1)(n+3/2)/r}T/n
i) p = (rH)Y,
u = —[(n—2)r’grad (rH)* — (2n + 2)x(rH)*]/[2n(2n — 1))
we obtain
P = (n+1)(2n+3)H/(2n)
i, = (n+ 1){r2 - (2n+1)/@2n - 1)}H/(4r)
and
ii; = {(n+3)r* — (n+ 1)(2n + 1)/(2n — 1)}T/(4nr)

It is seen that the case n = 1 in 4¢2) (stokeslet) is formally valid though the convergence
condition Ci is violated. This fact suggests to apply our formula to the general inner field with
stokeslet behavior .S at infinity after subtraction of S and complementing its perturbation S
later.

4. Summary

A simple derivation of the Lorentz theorem is presented which gives the perturbation pressure
P and velocity  due to the presence of a plane wall introduced into an unlimited viscous fluid
of given pressure p and velocity u , obeying the Stokes equation.

An extension to the case of a spherical boundary is made in the same manner, leading
to the case of a plane boundary as a limit of large radius. The theorem is given in the form
corresponding to the original formula of Lorentz for the plane boundary.

As an illustrating example three elementary solutions by Lamb [13] were chosen. Applica-
tion to any case will be easily done, even when the stokeslet behavior violates the convergence
condition at infinity in the interior problem [9], if the total radial flux is zero.
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Note

* We have only to require the condition Ci in the interior problem: Condition Ci

ur —rpf2=0(1/7*) as r— 0.
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